The Kremer-Grest (KG) model is a standard for studying generic polymer properties. Here we have equilibrated KG melts with varying chain stiffness for melts up to and beyond 200 entanglements per chain. We present methods for estimating the Kuhn length corrected for incompressibility effects, for estimating the entanglement length corrected for chain stiffness, for estimating Kuhn frictions corrected for chain-end effects, and for estimating Kuhn times corrected for the finite tube size. These are key parameters for enabling quantitative, accurate, and parameter free comparisons between simulation, theory and experiment. We demonstrate this for the mean-square monomer displacements in moderately to highly entangled melts as well as for the shear relaxation modulus for unentangled melts, which are found to be in excellent agreement with the predictions from standard theories of polymer dynamics.
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I. INTRODUCTION
Polymers are macromolecules comprised of a large number of bonded monomers. Polymer materials are ubiquitous in everyday life due to their unique processing properties. [1] A key problem in polymer science is the relation between structure and dynamics on the molecular scale and the emergent macroscopic material properties. Properties such as the density or the glass transition temperature depend on chemical details at the atomic scale. Other properties, like the variation of the melt viscosity with the molecular weight of the chains, are controlled by the large scale chain statistics. Such universal properties are shared by a wide range of chemically different systems and depend on atomistic details only through a small number of characteristic time and length scales [2] [3] [4] .
The standard Molecular Dynamics (MD) model for simulating the structure and dynamics of polymer melts is the bead-spring model of Kremer and Grest (KG) [5, 6] . Polymers are modeled as a sequence of essentially hard sphere beads connected by non-linear springs. The model was devised to study the generic properties of polymers with an emphasis on computational efficiency and has been used to investigate the effects of polymer entanglements, branching, chain polydispersity, and/or chemical cross-linking, see Refs. [7] [8] [9] [10] [11] [12] for examples. The utility of generic models like the KG model is not limited to bulk materials. They have also been used to study universal aspects of the behaviour of tethered and spatially confined polymers, of welding of polymer interfaces or of composite materials formed by adding filler particles to a polymer melt or solid, see Refs. [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] for examples. Given the increase in available computing power, In the present and an accompanying paper [23] we pursue a different objective. While we investigate the KG model to improve our understanding of the relation between its microscopic interactions and the emergent polymer behavior, our main purpose is to establish KG simulations as a convenient tool for exploring universal properties of specific polymer materials. This raises a number of questions: 1) Is there a minimal modification of the standard KG model, that would allow for a coarse-grain description of a range of standard commodity polymers? 2) How can KG models be related to atomistic simulations, which predict the emerging large scale behavior by accounting for chemical specificity on the atomic scale? 3) How can KG simulation results most easily be compared to theories of polymer physics? 4) How can KG simulations be used to predict the results of experiments performed on real polymers?
The first question was addressed by Faller and Müller-Plathe [24] [25] [26] , who introduced a bending potential into the KG model, which allows to reproduce the variability in effective stiffness exhibited by commodity polymers. Our working hypothesis is that the other questions can largely be reduced to a choice of units or the matching of key characteristic length and time scales. The natural units of polymer physics [2] [3] [4] are the mesoscopic Kuhn units: the Kuhn length, l K , the Kuhn time, τ K , and k B T as the natural energy scale in entropy dominated systems. Kuhn's seminal insight in the 1930s was to use an N K step random walk of segment length l K as a coarse-grain description of the large scale conformations of polymer molecules [27] . For the proper choice of l K , the Kuhn model reproduces both, the contour length, L = l K N K , and the mean-square end-to-end distance, R 2 = N K l 2 K , of the target polymer. In particular, flexible polymers exhibit universal behavior [2] [3] [4] beyond the Kuhn scale defined by l K and the corresponding time scale τ K . When it comes to linking theory, experiments, atomistic and coarse-grain simulation, then the natural approach is to match them at the Kuhn scale. [28] The present paper presents an accurate characterization and parameterization of the stiffness dependence of key characteristic time and length scales of the KG model: the Kuhn and entanglement lengths as well as the Kuhn segmental friction and associated time scale. Carrying out this program is not quite as simple as Kuhn may have imagined at the time. Our estimation of the Kuhn length accounts for long-range correlations induced by the melt incompressibility [29] , our estimation of the mobility of a Kuhn segment corrects for chain end effect in short chains, our complementary estimation of Kuhn times from the dynamics of long chains and our estimator for the entanglement length [30] take into account the finite number of Kuhn segments on the entanglement scale. Our results are based on the analysis of well equilibrated melts of KG chains of varying stiffness, which cover the entire range from unentangled to highly entangled systems with more than Z = 200 entanglements per chain. As a first application, we present parameterfree comparisons between the dynamics of medium and highly entangled melts and theoretical predictions. The mapping of commodity polymer melts to KG models will be the subject of an accompanying paper [23] .
The paper is structured as follows; We present the relevant theoretical background in Sec. II. In Sec. III we introduce the Kremer-Grest model. A detailed characterization of its static and dynamic properties as a function of the chain stiffness is presented in Sec. IV. In Sec. V, we use the obtained Kuhn parameterization to make quantitative accurate parameter free predictions for dynamic melt properties that we compare to simulation results. Finally, we present our conclusions and outlook in Sec. VI.
II. THEORETICAL BACKGROUND
In the following, we introduce the basic quantities used to characterize static and dynamic properties of polymer melts.
A. Chain and melt structure At a given state point, a monodisperse polymer melt is characterized by just a few observables from which we can derive a set of microscopic parameters characterizing the melt, such the Kuhn length,
which is the ratio of the end-to-end distance and the contour length of the polymer. The Kuhn length is the fundamental length scale characterizing chain configurations beyond the monomer scale. Above the Kuhn length the chains adopt random walk conformations, on shorter length scales they behave as rigid rods. The number of Kuhn segments per chain is
and the number density of Kuhn segments is ρ K = N K ρ c where ρ c denote the number density of chains.
B. Short chain dynamics
The dynamics of short unentangled polymers is described by the Rouse model. [31] Within this approach, a single polymer can be modeled by N K Kuhn segments represented by beads connected by harmonic springs with the mean-square extension of l 2 K corresponding to the Kuhn segment size. Each Kuhn segment experiences Brownian dynamics with an effective friction, ζ K , due to the surrounding chains. The value of ζ K is assumed to be independent of chain length. Hydrodynamic interactions are strongly screened and can be neglected in melts. [3] The Rouse model defines a fundamental time scale, the Kuhn time, as
which can be interpreted as the time it takes a single Kuhn segment to diffuse its own size: the Kuhn length. The longest conformational relaxation time is the Rouse time τ R . This is the time it takes the whole polymer to diffuse its own size R 2 , The Rouse time is simply given by
Clearly, the Kuhn and Rouse times can be very different for long chains. Beyond the Rouse time, the chain displays free diffusion, and the associated diffusion coefficient of a chain of length N K is given by
which can be interpreted as a fluctuation-dissipation theorem where the friction associated with the whole chain is ζ c = ζ K N K . Rouse theory describes the internal chain dynamics in terms of a set of p = 1, . . . , N K Rouse modes. Each mode has a characteristic relaxation time
The mode with p = 1 has the longest relaxation time τ R , while the mode with p = N K has the shortest relaxation time τ K . The time dependent shear relaxation modulus is predicted to be
where the latter approximation is valid when N k 1. For τ K t τ R , Rouse theory predicts sub-diffusive motion of the monomers due to their connectivity
here the last approximation is again valid for N K 1.
C. Entangled polymers
Diffusing polymers can slide past each other, but their Brownian motion is subject to transient topological constraints, since the chain backbones cannot cross [32] . These constraints become relevant for chains whose length exceeds a material-specific entanglement contour length, L e = N eK l K . For entangled chains the Rouse model breaks down beyond the entanglement time,
On longer time scales, chains behave as if confined to a tube [33] 
eK and length (L/L e )d T ≡ Zd T , which follows their coarse-grain contour. With the chain dynamics reduced to a onedimensional diffusion within the tube (" 'reptation" [33] ), full equilibration requires the chain centers of mass to diffuse over the entire length of the tube. The terminal relaxation time is thus given by
According to the tube model the monomer meansquare displacements exhibit cross-overs at the Kuhn time τ K , the entanglement time τ e , the Rouse time τ R , and the terminal relaxation time τ max . All regimes are characterized by a particular power law: Before the Kuhn time, monomers display free diffusion independently of each other (M SD(t) ∼ t). After the Kuhn time, monomers feel the bonds to neighboring monomers and display sub-diffusive behavior (M SD(t) ∼ t 1/2 ). At times above the entanglement time, this motion continues but is restricted to the direction parallel to the primitive path, which itself adapts random walk statistics (M SD(t) ∼ t 1/4 ). Above the Rouse time, the internal dynamics ceases to be relevant and the polymer displays collective reptation motion forwards and backwards along the (random walk like) primitive path (M SD(t) ∼ t 1/2 ). Finally above the terminal relaxation time, the topological constraints have decayed, and the polymer displays free unhindered diffusion (M SD(t) ∼ t). Continuity at the cross-over points determines the prefactors of each mode of dynamics, so that:
The prefactor α can be derived from the mean-square displacements predicted by Rouse theory, which is valid for the dynamics within τ K t τ e . Eq. (9) suggests α = 2/π 3/2 ≈ 1/3. Concerning the viscoelastic properties, eq. (6) continues to hold for t < τ e in the validity range of the Rouse model. Beyond τ e , the remaining longer wavelength modes p = 1, . . . , Z remain essentially frozen up to τ max . As a consequence, the shear relaxation modulus displays a time independent plateau with a height of the order of the entanglement modulus,
which can be understood as each entanglement contributing k B T to the energy density for an entanglement density of ρ K /N eK . Equilibration of chain length between differently oriented tube sections allows 1/5 of the stress to decay over the Rouse time [3] , so that the experimentally observed plateau modulus, G
In simulations of strongly entangled melts of long chains, the Rouse time is far outside the computationally accessible time scales. In this case, we expect to observe the entanglement modulus rather than the plateau modulus. For chains of finite length and observations on much longer time scales, the presence of additional relaxation processes such as contour-length fluctuations and constraint release is the cause of significant corrections to this simplified picture. [3, 34, 35] .
III. MODEL AND METHODS

A. The Kremer Grest Model
The KG model [5, 6] is a bead-spring model, where the mutual interactions between all beads are given by the Weeks-Chandler-Anderson (WCA) potential,
and where bonded beads additionally interact through the finite-extensible-non-linear elastic spring (FENE) potential,
Here = k B T and σ are chosen as the simulation units of energy and distance, respectively. The standard choices for the Kremer-Grest model are R = 1.5σ for the maximal bond length, k = 30 σ −2 for the spring constant, and a bead density of ρ b = 0.85σ −3 . Here and below we use subscript "b" to denote bead specific properties to distinguish these from Kuhn units. Following Faller and Müller-Plathe [24] [25] [26] we add a bending potential defined by
where Θ denotes the angle between subsequent bonds and κ denotes the bending stiffness. This bending potential is routinely used to model semi-flexible polymers. For other possible choices of bending potentials, see e.g. Ref. [36] . The average bond length is l b = 0.965σ. The bond length varies weakly but systematically with chain stiffness. For the present range of stiffnesses this variation is below 0.2% hence we assume it to be constant. As in the original KG papers [5, 6] , we integrate Langevin equations of motion
where R i denotes the position of bead i and U the total potential energy. ξ i (t) is a Gaussian distributed random vector with ξ i (t) = 0 and
The mass of a bead is denoted m b , and we choose this as our mass scale for the simulations. From the units defined so far, can derive a simulation unit of time τ = σ m b / . We use the standard KG choice of Γ = 0.5m b τ −1 for the friction of the Langevin thermostat. For integrating the dynamics of our systems, we use the Grønbech-Jensen/Farago (GJF) Langevin integration algorithm [37, 38] as implemented in the Large Atomic Molecular Massively Parallel Simulator (LAMMPS). [39] During a simulation we continuously sample the virial stress tensor
where
, denotes the α'th Cartesian component of the i'th particles position, velocity and total force, respectively. The force contains contributions from both pair, bond and angular interactions. The shear relaxation modulus is obtained from the virial stress tensor using the Green-Kubo relation
where we also average over the yz and xz off-diagonal elements of the stress tensor. We sample the virial stresses at every time step, and use the correlator algorithm [40] to effectively sample the stress autocorrelation function for lag times |t − t | ranging from the time step up to the full duration of the simulation.
B. Studied systems
We have generated equilibrated entangled KG model melt states both for unentangled or weakly entangled systems as well as for moderately to highly entangled melts. We used brute force equilibration methods for the weakly entangled systems, while we equilibrate the moderately and highly entangled melts using a sophisticated multiscale process, which we developed recently. [41] In the case of weakly entangled melts, the oligomers were randomly inserted in the simulation domain, and the energy was minimized using the force-capped interaction potential and subsequently transferred to the KG force-field as in Ref. [41] . The resulting conformations were then simulated using Molecular Dynamics as above, while also performing double bridging Monte Carlo moves [42, 43] as implemented in LAMMPS [44] . During these moves, bonds are swapped between different chains in such a way that the melt remains monodisperse. Such connectivity altering moves are known to accelerate the equilibration by side stepping potential barriers to the physical dynamics.
To characterize the Kuhn length dependence of stiffness, we performed brute force simulations of weakly entangled melts with nominal chain length N K = 10, 20, 40, 80 for varying chain stiffness using the approximate Kuhn length estimate from Ref. [41] . During the production run, we continued to perform double bridging moves. To estimate the Kuhn friction dependence of stiffness, we equilibrated oligomer melts with nominal length N K = 3, . . . , 30 and varying stiffness as above. Our production runs were up to 2 − 10 × 10 5 τ steps long and performed without the double bridging moves. The computational effort was about 60 core years of simulation time.
A good measure for the length of the simulation where double bridging takes place is the number of displacement times. A displacement time is the time it takes the mean-square bead displacement to match the chain mean square end-to-end distance. This measure is well defined in our case where we apply connectivity altering Monte Carlo [42] [43] [44] moves during the simulations, whereas the chain center of mass can not be defined in this case. During the analysis, the data obtained within the first displacement time was discarded, and trajectory data for subsequent displacement times were binned and averaged assuming statistical independent results for each displacement time bin. We report mean-square internal distances sampled over at least five displacement times for the longest and stiffest chains and well in excess of 1000 displacement times for shorter and less stiff chains.
For estimating the number of Kuhn segments between entanglements and the Kuhn time, we required highly entangled melts. The first set of data we equilibrated comprises systems with fixed numbers of beads N b = 10000 and varying chain stiffness. The effective chain length, measured in numbers of entanglements per chain, varies between Z(βκ = −1) = 85 to Z(βκ = 2.5) = 570, where
To check for finite length effects for the flexible melts with −1 < βκ < 0, we equilibrated additional melts with fixed number of entanglements Z = 200 and varying number of beads. The total computational effort of equilibrating these entangled melts was about 12 core years.
We used an effective multiscale equilibration process [41] which transfers melt states between three computationally different, but physically equivalent polymer models. We initially equilibrate a lattice melt where density fluctuations are removed using Monte Carlo simulated annealing. We choose the tube diameter as the lattice parameter, such that approximately 19 entanglement segments occupy the same lattice site. The lattice melt state is then transferred to an auxiliary KG model, where WCA pair-forces are capped. The pair-forces are chosen such that local density fluctuations are further reduced compared to the lattice melts, while also partially allowing chains to move through each other. This auxiliary model produce Rouse dynamics, and we simulate the dynamics for sufficiently long to equilibrate the random walk chain structure beyond the lattice length scale. Finally we transfer the auxiliary model melt state to the KG force field, and equilibrate local bead packing. The three models were designed to reproduce identical large scale chain statistics, and the two MD models were designed to produce the same local chain statistics, which required using a renormalized bending stiffness in the auxiliary model.
C. Primitive path analysis
We use primitive path analysis [45] to analyze the topological state of our entangled melts of KG chains with varying stiffness. The idea is to convert a melt conformation into the topologically equivalent mesh of primitive paths. This is achieved by minimizing the potential energy for fixed chain ends and disabled intrachain excluded volume interactions. We performed the minimization by using the steepest descent algorithm implemented in LAMMPS. The minimization is followed by dampened Langevin dynamics as in the standard PPA al- gorithm for 2×10 3 τ . We performed a PPA that preserves self-entanglements by only disabling interactions between pairs of beads within a chemical distance of 2N eK Kuhn segments along the chain. The computational effort for the PPA analysis is insignificant in comparison to the other observables.
IV. RESULTS
In the present section we determine the stiffness dependence of the fundamental time and length scales which characterize KG melts: the Kuhn length, Kuhn friction, and Kuhn time as well as the number of Kuhn segments between entanglements and the associated entanglement time. We start by characterizing the conformational statistics before turning to dynamics.
A. Kuhn length
The incompressibility of polymer melts induces weak long range repulsive interaction between polymer blobs along the chain, which manifest themselves in long-range bond orientation correlations [29, [46] [47] [48] . With local estimators risking to underestimate the true Kuhn length, we have resorted to using a global estimator based on eq.
(1),
where R 2 (l) L denotes the mean-square spatial distance of beads at a contour distance l for chains of a finite total length of L ≥ l. In particular, R 2 (l) L < lim L→∞ R 2 (l) L so that it is important to take the two limits in the correct order. A more detailed analysis will be the topic of a future publication. [49] Here we follow an empirical approach in taking this double limit, which is motivated by the theory of Wittmer et al. [46] . For each melt stiffness κ, we evaluate eq. (21) for a number of contour distances and chain lengths. All these estimates are simultaneously fitted to a polynomium of the form
(22) to estimate the (double) limiting value, eq. (20), of l K . The c nm parameters account for the sub-dominant finite size effects in our data. During the fitting, c 01 and c 11 terms are restricted to be negative or zero. This is to ensure that the limit of infinite contour length is approached from below. Fits were performed on data with L > 6.25σ. This was chosen to ensure data points from the N K = 10 melts contribute to the analysis. We also tried to include 3rd order terms to improve the extrapolation, however, we observed that this resulted in over fitting of the statistical errors, and resulted in a significant deterioration of the limiting Kuhn length estimate. Fig. 1 shows data for the finite size estimates of the Kuhn length along with the results of our extrapolation scheme for flexible and semi-flexible KG systems (panel a and b, respectively). As the contour length is increased the Kuhn length estimate increases monotonously towards the limit given by the intercept with the y axis. For the semi-flexible systems (panel b), we observe a good collapse of the data from melts with different chain length, whereas for the flexible systems the data collapse is less good indicating that finite size effects are more important in the limit of flexible chains. For the flexible melts, we also see a systematic downturn for the data points corresponding to the longest contour lengths, which demonstrates that care should be taken in choosing the range of data used for the extrapolation. Also shown in the figure are predictions of finite size Kuhn lengths from the fits and the limit of infinite chain length. We see good agreement of the fits to our data. The extrapolation to infinite melt chain length is in very good agreement with all data for the semi-flexible melts, but we observe that it is shifted relative to the data for the flexible melts. This illustrates the importance of doing the extrapolation using data from melts with several chain lengths simultaneously. Continuing e.g. the N K = 80 data towards infinite contour length i.e. extending the solid green lines to the intercept with the axis would underestimate the true limiting value. 
B. Entanglement length
We use primitive path analysis [45] to analyze the topological state of our entangled melts. Figure 2 shows visualizations of a few of the chains in the melts as well as their primitive paths for melts with Z = 20. The chains can be seen to locally become more straight as the stiffness is increased as expected. We have determined entangled chain partners as chains with one bead found within 1.1σ from the primitive-paths of one of the five chains we visualize. Clearly, the number of entangled chain partners increase significantly with increasing stiffness corresponding to significant decrease of the tube diameter. The number of Kuhn segments between entanglements N eK is visualized as alternating dark gray/colored segments along the primitive paths, and we see a qualitative agreement between entanglement segments and the number of kinks for the more flexible systems. Primitive paths are locally smooth, but have the same large scale statistics as the original chains. Hence the mean-square end-to-end distance of the chains and their PPA paths are related by
Here a pp denotes the Kuhn length of the PPA paths and L pp their contour length. Secondly assuming random walk statistics between entanglement points we have a 2 pp = l 2 K N eK , where N eK is the number of Kuhn segments between entanglement points. [45] Combining these expressions, we obtain the classical estimator
which provides the number of Kuhn segments between entanglements as function of a convenient PPA observable, the ratio of the contour length of the primitive paths and of the original chains. The classical estimator suffers from finite Z effects, when applied to the relatively short chain melts, that can be equilibrated by brute-force molecular dynamics. Hoy et al. [53] showed that eq. (23) provides a lower bound on the true entanglement length and suggested another estimator that provides an upper bound
The above estimators are derived assuming random walk statistics between entanglements. As chain stiffness increases this is a questionable assumption, since the spatial distance between entanglements decrease rapidly as shown in Fig. 2 . Hence we briefly present an alternative estimator that corrects for this effect. For a detailed analysis of the estimator, see Refs. [30, 54] . The spatial distance d e between two entanglements along a chain in the PPA mesh is related to the number of Kuhn segments in the original chain conformation as
here, note that the Kuhn length of the PPA path a pp and the spatial distance between entanglements d e (the PPA step length) are distinct quantities since for long chains the PPAs are not ideal random walks. [55] The spatial distance between entanglements is related to the PPA contour length as L pp = Zd e , while the contour length of the original chain is L = ZN eK l K . Combining these expressions we obtain the estimator
where in the last expression the worm-like chain model [56] was used to express the mean-square distance. This provides a relation between N eK and the square of the PPA contraction ratio that we can invert numerically for any contraction ratio. In the limit of N eK 1,
pp consistent with eq. (23). In the opposite limit, N eK 1, eq. (26), converges to the Semenov expression for entanglement length in tightly entangled semi-flexible chains [30, 57, 58] . Figure 3 shows our results for the dependence of the number of Kuhn segments between entanglements on chain stiffness. As chains become stiffer, their spatial size increases, and hence the chains become more strongly entangled as already expected from Fig. 2 . This leads to the observed progressive decrease in the number of Kuhn units between entanglements. Note that if we continue to increase the stiffness far above l K 10σ i.e. βκ 6, then we expect the onset of a isotropic to nematic transition. [24] We observe excellent agreement between the classical estimator eq. (23) and the Hoy estimator eq. (24) indicating that our melts are sufficiently long for finite-size effects to be irrelevant. We also observe good agreement between our new estimator eq. (26) and the other estimators for flexible chains with N eK > 10, but for the stiffer and more entangled chains, we can see that the previous estimators progressively overestimate the number of entanglements by up to 20% for the melts with the stiffest chains. The solid line shown in Figure 3 is an empirical interpolation given by eq. (40) to describe the dependence of the entanglement length on stiffness.
A potential source of error is the neglect of self-and image-entanglements in the simplest PPA version [45] , which disables all intra-chain excluded volume interactions. The results reported here were obtained with a local version of PPA [59] which preserves self-and image-entanglements. While we had shown previously that self-entanglements may be safely neglected [59] , we briefly address the issue of image-entanglements. The problem is easily understood for the extreme case of a melt composed of a single chain in periodic boundary conditions, which would appear to be unentangled in the simple version of the algorithm. In general, the importance of image-entanglements depends on the ra-
where V is the volume of the cubic simulation box. Ideally, systems should be much larger than the individual chains i.e. r > 1 to limit self-interactions. However for very long chains, it is difficult to fulfil this condition. For the our melts with N b = 10000 the ratio varies from r(βκ = −1) = 1.8 down to r(βκ = 2) = 1.3 suggesting that we should not expect significant finite box size effects. [52] Nonetheless, when we submitted our PPA meshes to a subsequent PPA analysis disregarding all self-(and hence also image) entanglements, we found indeed only a small but systematic increase of the entanglement length by 3.5%, which we observed to be independent of chain stiffness. [50] estimated the asymptotic entanglement length for βκ = 0 using melts of N b = 100, . . . , 3500 for constant total numbers of beads. In this case, while their longest chains reach Z(βκ = 0) = 46, the sample contained only as few as M = 80 chains. These melts were equilibrated using double bridging. Hoy et al. obtained N eb = 86.1. Hou et al. estimated the systematic error due to various PPA algorithms and the extrapolation schemes to be ±7. [35] Recently, Moreira et al. [52] used more powerful equilibration methods and were able to equilibrate melts up to N b = 2000 and M = 1000 for stiffness βκ = 0, . . . , 2 i.e. Z(βκ = 0) = 26 up to Z(βκ = 2) = 97 entanglements. Finally, Hsu et al. [51] equilibrated melts up to N b = 2000 for βκ = 1.5 (i.e. Z = 74). These results appears to be in good agreement with our data. We see that Literature data are slightly but systematically above our data, which is could be explained by the usage of a Kuhn length that has not been corrected for incompressibility effects and/or the use of the old PPA estimators which does not correct for stiffness. 
C. Kuhn friction: Long time dynamics of unentangled melts
The Lennard-Jones times τ is the natural time unit for KG simulations, but it has no direct relation to the relevant time scales of polymer dynamics. As a first step towards the Kuhn time, τ K , we measure the friction ζ K of a Kuhn segment. This friction together with the Kuhn length defines the Kuhn time which is the fundamental time scale of Rouse theory. For short chains, N K < N eK (κ) where the Rouse theory is expected to apply, we can infer the friction from the center-of-mass diffusion coefficient eq. (5). In the simulations, we obtained D cm (κ, N K ) from the center-of-masse mean-square displacements as M SD cm (t)/[6t] for t > 10 5 τ by sampling plateau values for log-equidistant times, and discarding simulations where the standard deviation of the samples exceeded 2% of their average value. Figure 4a shows the measured Kuhn friction obtained from the analysis of the simulations using eq. (5). The Rouse model should apply for chains that are shorter than the entanglement length (open symbols in the figure), and we would expect estimated Kuhn frictions to collapse to a single line. However, we see a systematic and significant spread in the simulation data. We attribute this to two different effects; 1) The Rouse model does not account for the larger mobility of chain ends compared to beads in the middle of the chain, and 2) the Rouse model fails when the chain length becomes comparable to the entanglement length. We have corrected for the first effect by defining an estimator for the Kuhn friction of an infinite long chain ζ K (κ) as
where the g function describes the chain-length dependence of the reduction of friction due to chain ends, and ζ K (κ; N K ) are measured frictions, while the goal of the analysis is to ascertain the asymptotic ζ K (κ) for long chains. Opting for simplicity, we use a linear cross-over where N end of the Kuhn segments have their friction reduced by a factor f end < 1, while the friction for the rest of the Kuhn segments is unaffected, hence
(28) Modifying Eqs. (5) accordingly yields
such that the end-corrected Kuhn friction estimator becomes
The f end and N end parameters were determined by minimizing the variance between Kuhn friction estimates where 1) the Rouse model applies (N K < N eK /2) and where 2) we have at least three estimates for the friction. We obtained f end = 0.70 and N end = 7. This choice reduced the total variance of the frictions by more than an order of magnitude. The result is shown in Fig. 4b , where we observe an significantly improved collapse of the data allowing us to estimate the Kuhn friction on internal monomers, i.e. the friction relevant for beads inside long entangled chains. The corrected frictions are higher than the measured frictions since Kuhn segments inside a long chain experience a higher friction than the shorter oligomers we simulate. The line in Figure 4b is an polynomial given by eq. (37), which we note is an extrapolation above βκ = 2. The number of Kuhn units between entanglements drops rapidly for large stiffness (N eK (βκ = 2.5) = 3.8), such that the window in chainlength where the Rouse model can be applied progressively vanishes. Hence any measurements of the friction based on comparison with Rouse theory necessitates a correction procedure for the effects of chain ends and/or entanglements.
D. Kuhn time: Short time dynamics of entangled melts
Between the Kuhn and entanglement times we expect the dynamics of long entangled melts to be described by the Rouse model. Hence we can use the known time dependence of the sampled mean-square monomer displacements to provide an independent estimate of the Kuhn time. Compared to the method discussed in the previous section, this has the advantage that end-effects become negligible. Inverting the analytical approximation for mean-square displacements eq. (9), we can estimate the Kuhn time as
which is valid for times τ K t τ e and N eK 1. Figure 5 inset a shows the resulting Kuhn time for βκ = −1, 0, 1, 2 (denoted by black circle, red box, green diamond, and blue triangle, respectively). While in theory the estimated Kuhn time should be time independent within this regime, in practice, we observe a significant time dependence of the estimated Kuhn time, and the estimate is furthermore a factor 1 − 3 larger than the Kuhn time derived from the Kuhn friction. This is due to the assumption of N eK 1, which can be relaxed by instead numerically inverting the mode sum eq. (8). Using eq. (12) we can derive an corrected expression
where α(t ref , N eK (κ)) corrects for the finite number of modes inside the tube, and using eq. (8) we obtain the following expression
which converges to 2/π 3/2 when N eK 1 independently of t ref . Figure 5 inset b shows the mode corrected time dependence of Kuhn times. The numerical inversion of the mode sum produce a Kuhn time estimate that is only weakly dependent on the reference time, and in good agreement with the Kuhn time estimated from the Kuhn friction. This illustrates the importance of correcting for finite size entanglement effects when using analytical approximations derived from Rouse theory.
Based on these observations, we choose to estimate the Kuhn time from the mean-square displacements using the mode sum expression evaluated at the time t ref = 0.1τ e . At this time we are far from both limits of validity of Rouse theory at τ K and τ e . The resulting estimate is shown in Figure 5 and is observed to be in very good agreement with the Kuhn time estimated from the Kuhn frictions for βκ ≤ 2. We note that even though the Kuhn frictions for βκ > 2 are an extrapolation, they are still in good agreement with the Kuhn frictions estimated from the mean-square displacements. Hence this alternative approach provide independent support for the validity of the end correction, we developed to estimate the Kuhn frictions for long chains.
E. Linear viscoelasticity and polymer dynamics
A key quantity for characterizing the viscoelastic properties of a polymer liquid is the shear relaxation modulus, G(t) [3] . In Figure 6 , we show data for unentangled and weakly melts represented in the natural units of the KG model. The curves shows the square-root power law envelope of Rouse theory followed by an exponential decay at the Rouse time, which depends on both the chain length and chain stiffness of the melt. While we have obtained data for a wide range of KG with different chain stiffness, our results are essentially limited to times smaller than the entanglement time. Since one obtains only one stress data point per time step for the entire system for the evaluation of the Green-Kubo relation, eq. (19), it is difficult to obtain the required signal-to-noise ratio for measuring shear relaxation moduli G(t) < 10 −2 /σ 3 . K (κ) (black dashed line) as well as literature data from Hoy et al. [60] (red box) and Moreira et al. [52] (green diamond). We also show our parameterizations of lK (κ) (black solid line) and l 
V. DISCUSSION
The following discussion addresses two main subjects: 1) Can we understand (relations between) the measured fundamental time and length scales of KG melts? 2) Given the fundamental time and length scales, can we use theory to make predictions for other aspects of the emerging behavior?
A. Kuhn length Figure 7 summarizes our results for the Kuhn length of KG chains. Our estimates are slightly but systematically higher than those reported previously, because we accounted for long-range bond orientation correlations [29, [46] [47] [48] in our extrapolations to the asymptotic limit.
Overall, the data show the expected monotonous increase of the Kuhn length with increasing bending stiffness. The behavior of stiff KG chains is in excellent agreement with the Flory ideality hypothesis [61] with excluded volume interactions being completely screened. The large scale behavior, eq. (1), of such freely jointed chains is entirely determined by local observables
where l b is the bond length, and θ is the angle between subsequent bonds. The corresponding bare Kuhn length for KG chains is given by [62] 
As shown in Fig. 7 , stiff chains with βκ > 2 are well described by this relation. As a first step towards taking into account excluded volume effects, we can devise a local Kuhn length estimate, l (1) K , by evaluating eq. (34) using the distribution of bond angles sampled from equilibrated simulation data, which includes the local effects of bead packing and, in particular, the volume exclusion between nextnearest neighbor beads along the chain. This approximation breaks down for βκ < 1, where pair-interactions and the correlation hole can no longer be neglected.
The large-scale statistics of the intrinsically most flexible systems are influenced by long-range bond orientation correlations [29, [46] [47] [48] 
K . To parameterize the Kuhn length dependence on chain stiffness we fitted the deviation between the extrapolated and bare Kuhn lengths,
we expect this parameterization to be reasonably accurate outside the range of κ-values for which we have data: systems with βκ > 2.5 should be well described by eq. (35) , while the effect of a stronger bias than βκ < −2 towards large bending angles will be limited by the repulsive next-nearest neighbor excluded volume interactions. Fig. 8 for the Kuhn time (thin black line), the entanglement time using eq (41) (red dotted line), and the entanglement time using eq. (42) (thick black line). Symbols denote literature values for the Kuhn and entanglement times based on the standard KG time mapping [6] (brown box), standard KG time mapping with our estimate for the number of beads between entanglements (magenta triangle), the entanglement time estimated by Likhtmann et al. [63] (red diamond), and the Kuhn and entanglement times estimated Hsu et al. [51] (orange circles).
B. Kuhn time and friction
In Sections IV C we inferred the Kuhn friction, ζ K , by analyzing the long-time center-of-mass diffusion of short oligomers. The results can be interpolated as As shown in Fig. 8 , this expression obscures an extremely simple and intuitive interpretation: in the KG melts the friction co-efficient of a Kuhn segment is proportional to its length or the number of beads it contains:
, this can be straightforwardly converted into an interpolation formula for the Kuhn time: Figure 9 illustrates the rapid increase of the Kuhn time with stiffness, τ K ∼ l 3 K . We refer the reader to Section IV D for the validation of eq. (38) via the analysis of the short-time monomer mean-square displacements of long chains.
C. Shear relaxation modulus in the Rouse regime
As a first test of our Kuhn characterization, we consider the time dependent shear relaxation modulus, G(t). At this point, we have assembled all the necessary information to able to use the Rouse model for making quantitative predictions for an arbitrary KG melt: Given a bending stiffness, βκ, the Kuhn length is given by the sum of eqs. (35) and (36) . To calculate the prefactor of the power law decay, we only need to calculate the number density of Kuhn segments, ρ K = ρ b (l b /l K ), and calculate the Kuhn time from eq. (38) . For the terminal decay, we need to convert the chain contour length,
, into a corresponding number of Kuhn segments, N K = L/l K , to able to estimate the Rouse time, eq. (4).
As an alternative to inserting a host of theory lines into Fig. 6 , we can isolate the power law behavior by inverting Eq. (7):
where the exponential factor approximately cancels the Rouse mode decay. Eq. (39) suggests a Kuhn reduced representations where all simulation data will approximately collapse to a straight line in log-log representation. We note that this representation couples spatial and temporal scales, since the Kuhn density is also a function of chain stiffness.
In Figure 10 we show this reduced representations of the shear relaxation modulus, and observe a good collapse of all the simulation data to the theoretical expectation. As the chains gets stiffer, we see the simulation data fall slightly below the theory line which could also be corrected by replacing the analytic approximation by a finite sum of the Rouse modes. Furthermore, we observe deviations for the melts with stiffer chains for large times. This is due to the onset of entanglements at the entanglement time, which decrease as the chains gets stiffer.
D. Entanglement length
Our PPA results for the entanglement length in KG melts (Fig. 3) [64, 65] , the entanglement length for loosely entangled chain with N eK 1 should be given by
where experiments [66] and a simple geometrical argument for binary entanglements [67] suggest α = 19 ± 2. The parameter α can be interpreted as the number of entanglement strands per entanglement volume. Uchida et al. [30] developped a scaling theory to describe the crossover to the tightly entangled regime, suggesting instead Fig. 11 shows the variation of the number of Kuhn segments between entanglements as function of the Kuhn number. As expected from Fig. 3 the number of Kuhn units between entanglements drops as chains become stiffer, i.e. the Kuhn number grows. We observe good agreement between all our simulation results and the prediction of the Uchida theory eq. (42) . For ρ K l 3 K < 4 the approximation for flexible chains eq. (41) is also in good agreement with our simulation data. This suggests that we could, in fact, replace our empirical formula eq. (40) with the theoretically motivated extrapolation eq. (42) . However, as can be seen from the figure, this will be less accurate description of our data for the melts with the most flexible chains. Our simulation data displays a slight deviation from the theoretical predictions for the most flexible chains, where our data has a larger curvature than expected from the theory. Perhaps by forcing the KG model to be more flexible using a negative angular bending stiffness to reduce the effect of the repulsive pair interaction between next-nearest beads, locally we are forcing the chains adapt zig-zag conformations which could cause deviations from random walk statistics. The standard KG model has ρ K l 3 K = 2.8, hence this curvature is only observed for simulations with negative bending stiffness consistent with this interpretation.
E. Entanglement time
Predictions for the stiffness dependence of the entanglement time τ e (κ) = τ k (κ)N 2 eK (κ) are shown in Fig. 9 . The Kuhn time rises steeply with increased chain stiffness, while the square of the entanglement length drops even more steeply. The net effect is an entanglement time, which decreases with increasing chain stiffness. As a consequence [68] , a stiffer KG model systems is computationally more efficient than the standard KG model to study generic entanglement effects. Our results are in good agreement with estimates from Hsu et al. [51] (who estimated the entanglement time from the crossover from the t 1/2 to the t 1/4 regime of the bead meansquare-displacements -see below) and by Likhtman [63] (who obtained an estimate for τ e (βκ = 0) by fitting shear-relaxation moduli produced by KG simulations). The earliest estimates by Kremer and Grest [6] suffer from the difficulty of generating well equilibrated melts for sufficiently long chains. Comparison between theoretical prediction of meansquare displacements with prefactor α = 2/π 3/2 (solid black lines) and simulation results for (from top to bottom) entangled melts with Z = 10 (filled circles), Z = 20 (filled boxes), and Z > 80,N b = 10000 (filled diamond) for βκ = −1, 0, 1, 2 (black, red, green, blue, respectively). Each system has been shifted a factor of 5 for increased clarity. For the moderately entangled melts, mean-square displacements were obtained using only internal beads to avoid effects due to increased mobility of the chain ends. Purple dots denotes the crossover times τK ,τe,τR, and τmax for the different melts.
Analogously to the Kuhn time, we can also give an interpolation formula for the entanglement time by combining our parameterizations for the Kuhn friction, Kuhn length, and number of Kuhn units between entanglements eqs. (37, 36, 40) τ e (x = βκ) τ = 6391.76−5723.70x+1720.28x 2 −32.19x 3 −42.32x 4 .
F. Entangled dynamics Figure 12 shows a comparison between the theoretical predictions, eq. (12), and simulation results for the dynamics of highly entangled chains. While the crossovers are well captured, we observe that the observed mean-square displacements systematically slightly below the theoretical prediction. These deviations are due to finite N eK effects. While we can generate well equilibrated melts with essentially arbitrary number of entanglements and hence have systems with well separated characteristic time scales, the number of Kuhn units between entanglements decreases with increasing stiffness (N eK < 10 for βκ > 1.5). Hence the assumption of N eK 1 used to derive the power laws is often a questionable approximation.
As in Fig. 5 , we choose t ref = 0.1τ e as a reference time for determining the spatial scale. Secondly, for the moderately entangled melts the ends are more mobile than interior chain segments, which is particular visible for the stiffer chains which are the shortest chains shown. We correct for this by only sampling mean-square displacements for beads in the central half of the chain. Figure 13 shows the resulting mean-square displacements as function of chain length and stiffness. Excellent agreement is observed between eq. (12) and the simulation results using the results for the stiffness dependence of the fundamental Kuhn length and time scales. These results also suggest that spatial scales obtained from interpreting mean-square displacements should be adjusted due to finite entanglement length effects. The data in the figure corresponds to about 103 core years of simulation effort.
VI. SUMMARY AND CONCLUSION
In this paper, we have presented a detailed analysis of the behavior of Kremer-Grest [5, 6] bead-spring polymer melts as a function of the local chain bending stiffness [24] [25] [26] . We have generated brute force equilibrated melts as well as very large highly entangled melts equilibrated using a novel equilibration method [41] for varying chain stiffness. In particular we generated melts with 500 chains of constant chain length N b = 10000 and melts with 1000 chains with constant number of entanglements Z = 200. These melts have Z > 85 and up to Z = 570 for the stiffest systems and hence are all highly entangled. To also be able to study the dynamics at the Rouse time scale, we also generated moderately entangled melts with 1000 chains with Z = 10, 20. All our melts cover stiffness −1 ≤ βκ ≤ 2.5 which is relevant to model commodity polymers [23] . The total numerical effort for the presented results is of the order of 175 core years.
The focus of our work lay on the characteristic time and length scales governing the melt behavior. In particular, we have obtained reliable interpolations the stiffness dependence of the Kuhn length, l K , the Kuhn friction, ζ K , the Kuhn time, τ K , the entanglement length, N eK , and the entanglement time, τ e . To obtain the Kuhn length, l K , we analyzed the chain statistics in weakly entangled, brute-force equilibrated melts. In particular, we used an estimator, which is sensitive to the slowly converging, large-scale swelling due to incompressibility effects [29, [46] [47] [48] . The second important length scale is the entanglement length, N eK , which we measure in units of the Kuhn length. We estimated N eK by applying the primitive path analysis [45] to highly entangled systems, where finite chain length effects can be completely neglected. To infer N eK from the primitive path mesh we used a new estimator inspired by Ref. [30] , which accounts for the effects of finite chain stiffness. The results are in good agreement with the Uchida et al. theory [30] . For the stiffest investigated systems, we observe small deviations from the packing prediction, N eK ∼ l −4 K . With respect to dynamics, we started by inferring the Kuhn friction, ζ K , from data for the long-time center-of-mass diffusion in unentangled melts, which we carefully corrected for finite-chain length effects. Interestingly and in good agreement with the local friction assumption underlying the Rouse model, ζ K turns out to be proportional to l K . In addition, we measured the Kuhn time directly from the short-time segmental dynamics in long-chain melts, where we corrected for the finite number of free modes inside the tube sections. The two results are in excellent agreement with eq. (3) from the Rouse mode, so that for KG melts τ K ∼ l As a further test of the relevance of the identified time and length scales, we have sampled mean-square segment displacements and shear relaxation moduli of KG melts for a wide range of chain lengths and stiffnesses. We found very good agreement between these observables and the corresponding theoretical predictions, further demonstrating the internal consistency of the standard models of polymer dynamics [3] .
Our results illustrate how the careful characterization of polymer systems at the Kuhn scale allows for quantitatively accurate, parameter-free comparisons to theoretical predictions. More importantly, they open the way to use the KG simulations for the study of universal properties of specific commodity polymer melts. The specification of the corresponding one-parameter force field is the subject of our follow up paper [23] .
